Abstract. The simple connected graphs may be classified by their cycle composition (number and lengths of cycles). This work derives the counting series of the simple connected graphs that have cycles of unrestricted number and length, but no overlapping cycles. Cycle pairs of these graphs of interest must not have common nodes or edges.
Graph Cycle Structures
The simple connected graphs [14, A001349] may be classified by their cycle structure. Classifications may impose restrictions on the number of cycles, the lengths of cycles, the degrees of nodes, or other criteria, see for example: This work enumerates a set of graphs posing a restriction on the entanglement of the cycles: Definition 1. A C-tree is a simple (loopless, non-oriented, connected) graph where cycle pairs do not overlap, which means any pair of two cycles in the graph must not contain a common node. Definition 2. The ordinary generating function for C-trees on n nodes is (1) C(x) = n≥0 c(n)x n = 1 + x + 2x 2 + · · · Remark 1. C-trees require that any two cycles are not just sharing no edge but also no node. In that respect C-trees are a narrower concept than Husimi graphs [8, 5] .
Date: August 21, 2018. 2010 Mathematics Subject Classification. Primary 05C30, 05C38; Secondary 05A15. There is no specification with regard to the length of the cycles in a C-tree. The multiset of cycles may include cycles of length 2 (which will appear as double edges in the illustrations that follow). For the combinatorial enumeration it will often by useful to regard nodes that are not part of any cycle as cycles of length 1. So the trees are C-trees where all cycles have length 1.
Because each node in a C-tree is a member of exactly one cycle (allowing cycles of length 1), there is a surjection of the set of C-trees to trees by contracting the nodes common to a cycle to a single node: Definition 3. The skeleton tree of a C-tree is the (ordinary) tree obtained by collapsing the nodes of each cycle into a single node. The edges of degree 2 that connect pairs of nodes within a cycle are deleted, then the set of nodes in the (former) cycle is replaced by a single node, pulling the edges that led to branches outside the cycle into the single node.
Remark 2. The bridges of the C-tree are the edges in the skeleton tree.
Remark 3. The C-trees contain two types of blocks: the cycle graphs and the tree of two points (K 2 graph). The skeleton tree is the block graph of the C-tree.
The contraction of a C-tree to its skeleton may pass through an intermediate step of a weighted tree, where the weights are the lengths of the cycles of the C-tree; see Figure 1 .
Remark 4. Mapping C-trees to weighted trees loses the information on to which nodes of the cycles the external edges were attached. So the number of weighted trees with weight n [14, A036250] is a lower bound on c(n). 
2.
Hand-counted C-trees Up to 6 Nodes 2.1. Injection Methology. To count C-trees by hand, we interpret the number n of nodes as the weight of weighted trees [7, 11] , working backwards through the surjection if Figure 1 . We puff up each node of weight c to a cycle of length c, generating one or more C-trees.
Definition 4. An endnode of a graph is a node of degree 0 or 1, which means, it has at most one edge attached to it.
If the weight is c > 1 and not on an endnode, more than one C-tree may emerge. Definition 6. r t (n) is the number of C-trees with n nodes that have skeleton trees with t nodes:
In particular (4) r 1 (n) = 1 because the skeleton tree with one node can be puffed up in exactly one way to the cycle graph of n nodes.
is the number of trees with n nodes, meaning that the skeleton tree is the C-tree. If the skeleton tree has two nodes, the two weights of the associated weighted trees may be any partition of n into 2 parts:
2.2.
Zero or one Node. There is one empty graph and one C-graph with a single node ( Figure 2 ). iii) The skeleton tree of three nodes generates one C-tree with a cycle at a leave (weights 2+1+1), and two C-trees with cycle at the center node (weights 1+2+1), where the leaves are either attached to the same cycle node or to two different cycle nodes. This turns out to be the simplest example where mapping a weighted skeleton tree generates more than one C-tree, and where r t (n) surpasses the number of weighted trees of weight n with t nodes [14, A303841] . Summarized in the 3rd row of Figure 
Six nodes. (i)
The skeleton tree with with node generates one C-tree with a cycle of 6 (top row Figure 7 ): r 1 (6) = 1.
(ii) The skeleton tree with 2 nodes generates r 2 (6) = 3 C-trees (2nd row Figure  7) .
(iii) For the skeleton tree with 3 nodes consider weights 4 + 1 + 1 = 1 + 4 + 1 = 2 + 2 + 2 = 1 + 2 + 3 = 1 + 3 + 2 = 3 + 1 + 2. They generate in that order r 3 (6) = 1 + 3 + 2 + 2 + 2 + 1 = 11 C-trees (last row Figure 7) .
(iv) For the linear skeleton tree with 4 nodes and weight 6 consider the weights 1 + 1 + 2 + 2 = 1 + 2 + 1 + 2 = 2 + 1 + 1 + 2 = 1 + 2 + 2 + 1 = 1 + 1 + 1 + 3 = 1 + 1 + 3 + 1 for the nodes left-to-right, meaning two cycles of 2 are adjacent or not, at leaves or mixed, and the cycle of 3 is a leaf or a center. Illustrated in that order by the top row of Figure 8 these generate r 4a (6) = 2 + 2 + 1 + 3 + 1 + 2 = 11 C-trees.
For the star skeleton tree with 4 nodes and weight 6 consider the weight partitions 3+1+1+1 = 2+1+1+2 = 1+2+2+1 = 1+3+1+1, where the 3-cycle, 2-cycle or 1-cycle is in the center. Illustrated in that order in the second row of Figure 8 For the split skeleton tree with 5 nodes and weight 6 place the 2-cycle either at one of the short ends (1 choice), at the node with degree 3 with 2 subtrees of 1 node and one subtree of 2 nodes (3 choices), at the node with degree 2 (2 choices), or at the long end (1 choice) (4th row Figure 8 ): r 5b (6) = 1 + 3 + 2 + 1 = 7.
For the star skeleton tree with 5 nodes and weight 6 the 2-cycle can be at a leaf (1 choice) or in the center (3 choices) according to the 5th row of Figure  8 : r 5c (6) = 1 + 3 = 4. The three types of skeleton trees with 5 nodes map to r 5 (6) = r 5a (6) + r 5b (6) + r 5c (6) = 5 + 7 + 4 = 16 C-trees.
(vi) Each of the skeleton trees with 6 nodes generates one C-tree, r 6 (6) = 6 (last row Figure 8 ). 3. Planted C-trees Definition 7. A planted C-tree is a C-tree with a marked node (called the root) which is an endnode.
The planted C-trees with n nodes can be generated from the C-trees with n nodes by discarding the C-trees withou endnodes, marking successively the endnodes of the remaining C-trees, and retaining only these rooted C-trees which are nonequivalent under the automorphism group of the graph.
Definition 8. The number of planted C-trees with n nodes is p(n), and
the generating function.
The 1, 1, 2, 6 and 19 graphs for p(n) up to 5 nodes are gathered in Figure 9 . The planted C-trees play a pivotal role in the recursive build-up of C-trees. Given a multiset of one or more planted C-trees, we may build a bundle of these by melting all their roots into a single new root. Each node in a cycle of nodes of a C-tree is such a bundled multiset. The planted trees become branches of the C-tree, see [10, Fig 1] .
Remark 6. In a generic setup, the empty graph would contribute p(0) = 1, but in our work one or more of the root nodes of the planted C-trees define a node in a cycle of a C-tree. We will be constructing the C-trees by summing up the cases with c ≥ 1 nodes in the cycles such of explicit lengths. The cycles must not be interrupted and at least one planted C-tree must be fastened at each node of a cycle (even if the C-tree has just a single node). Therefore we define p(0) = 0 here.
Definition 9.
A planted C-forest is a multiset of planted C-trees where the roots of the planted C-trees have been merged into a single root node.
Definition 10.
(15)
is the generating function for planted C-forests with n nodes.
The first three terms of F (x) are illustrated in Figure 10 . Again, in this work the empty tree is explicitly not represented, f (0) = 0.
The construction of the planted C-forests means removing the root of each planted tree, building a multiset of the trunks of these trees, and attaching them to a common root, so F (x)/x is the Euler transform of P (x)/x [2] , explicitly (see e.g. [4, eq 45])
This can also be written as [6, (3.1.12 where the generating function for the graphs with a marked entry node (decapitated planted C-trees) is
Remark 7. The prime does not indicate differentiation but aligns the notation with Labelle, Robinson and others.
Computing P (x) happens by summing over all possible cycle length c ≥ 1 that may occur in the cycle that is the neighbor to the root node, and considering all multisets of c planted C-forests at the cycle nodes. The generic structure of the cycles in planted C-trees is in Figure 11 .
There is one unique node in the cycle (labeled 1 here, called the entry node, which is also a cut node) that has smallest distance to the root of the planted C-tree. The planted C-forests attached to the nodes (possibly including the entry node) are indicated by half-edges. Flipping the cycle over while the entry node stays fixed, indicated by the dashed lines with arrows, does not generate new graphs. For fixed c, the permutation group of order 2 of this flip has the following "palindromic" symmetry of swapping nodes:
c group generator (cycle representation) 1 (1) 2 (1) (2) 3 (1)(23) 4 (1)(3)(24) 5 (1)(25)(34) 6 (1)(4)(26)(35) So the root of the cycle stays fixed, for even c the opposite node stays also fixed, and nodes with labels i and c + 2 − i swap places. Polya's cycle index for (the automorphism group of) the straight tree with n nodes (the equivalent palindromic symmetry) is known [13, Table 2 ][11, App. B]. In our application the cycle has another fixed element where the direction to the root of the planted tree enters the cycle, so
)/2, c=1,3,5,7,9,. . . ; t The counting series at each node is F (x), and Polya's method of applying the S 2 symmetry to the generating function of the planted C-trees yields
Summation over the geometric series in (20) yields
c=2,4,6,...
.
On the right hand side we have substituted 1 for the case of an empty branch of the root node, (c = 0), and multiplied by x to complement the cycles by the root node. Bootstrapping P (x) starts from the rough estimator P (x) ≈ x including just the n = 1 node, derives f (n) via (16) up to the same n, inserts this into (20) to compute P (x) with an augmented truncation order n + 1, and cycles through this process: If we exclude the graphs that have cycles of length 2, we get instead
. 
Rooted Skeleton Trees
The planted C-trees and the planted C-forests employed above are marking a single node. The root of a planted C-tree has (at most) degree 1, whereas the degree of the root of a planted C-forest is not bounded. A further type of rooted C-trees emerges if the node of a skeleton tree is marked as a root and that mark heaved to all nodes of the associated cycles of the C-trees.
Definition 11. A skeleton-rooted C-tree is a C-tree where all nodes of one of its cycles are marked.
is the ordinary generating function for skeleton-rooted C-trees with n nodes. The rooted cycle of a skeleton-rooted C-tree looks like Figure 14 , which is similar to Figure 11 with the decisive difference that there is no marked entry node; so the group of the symmetries is no longer S 2 but the symmetry group of bracelets, the dihedral group of c elements. The applicable cycle indices are the cycle indices of the Cyclic Groups [6, (2.2.10)], 
Each of the nodes in the rooted cycle is a planted C-forest, so the generating function is 
Otter's Formula, Synthesis
The counting series of the C-trees is synthesized from the series of the planted C-trees and skeleton-rooted C-trees with Otter's mapping between rooted trees and trees [12, 1, 3, 7] The generating function for pairs of these graphs (C-trees with a marked edge that is a bridge) is (34) 
